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AN EXTENSION OF THE PROJECTED GRADIENT METHOD TO A
BANACH SPACE SETTING WITH APPLICATION IN
STRUCTURAL TOPOLOGY OPTIMIZATION*
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Abstract. For the minimization of a nonlinear cost functional under convex constraints the
relaxed projected gradient process is a well known method. The analysis is classically performed in a
Hilbert space. We generalize this method to functionals which are differentiable in a Banach space.
The search direction is calculated by a quadratic approximation of the cost functional using the idea
of the projected gradient. Thus it is possible to perform, e.g., an L2 gradient method if the cost
functional is only differentiable in L>°. We show global convergence using Armijo backtracking for
the step length selection and allow the underlying inner product and the scaling of the derivative to
change in every iteration. As an application we present a structural topology optimization problem
based on a phase field model, where the reduced cost functional is differentiable in H' N L°°. The
presented numerical results using the H! inner product and a pointwise chosen metric including
second order information show the expected mesh independency in the iteration numbers. The
latter yields an additional, drastic decrease in iteration numbers as well as in computation time.
Moreover we present numerical results using a BFGS update of the H! inner product for further
optimization problems based on phase field models.
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1. Introduction. For an optimization problem with nonlinear cost functional
and convex constraints

(1.1) min j(¢) subject to ¢ € Pyq

the projected gradient method is well known. The analysis of the finite dimensional
case can be found, for example, in [3]. Otherwise a Hilbert space setting is required,
i.e., the problem is posed in some Hilbert space H with inner product (.,.)y and
norm |.||gz. The nonempty, convex feasible set ®,4 has to be closed with respect
to ||.||z and the cost functional j has to be Fréchet differentiable with respect to
this norm. Here we recall that the H-gradient Vg j is characterized by the equality
(Vujle),mua = (J'(¢),n) g« g for all n € H, where j' denotes the Fréchet derivative
of j. The classical projectea gradient method then moves a current iterate in the
direction of the negative gradient and orthogonally projects the result back on the
feasible set:

(1.2) i1 = Pr(or — M Vri(er)).

Here, Py denotes the orthogonal projection onto ®,4. Both the gradient and the
projection have to be taken with respect to the underlying Hilbert space inner product.
To obtain global convergence the step length Ar in the direction of the negative
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gradient has to be chosen according to some step length rule. This method is often
called the gradient path method and is widely used. Details of the method and its
analysis and applications can be found, e.g., in [13, 14, 19, 20, 21, 23, 24, 25, 26, 31].
In [27] this method is extended to convex subsets of a reflexive, smooth, and rotund
Banach space employing the metric projection and the exact step length.

Approach (1.2) requires solving a projection subproblem in each line search iter-
ation. If the feasible set is given by box constraints and the L? inner product is used,
the projection is in general cheap. However, if calculating the projection is expensive
compared to the evaluation of the cost functional each iteration is expensive. Hence,
another approach is possibly cheaper, where the projection and the step length calcula-
tion is interchanged. Then one performs a line search along the descent direction given
by the projected, possibly scaled negative gradient vy = Py (pr — AcVui(pr)) — ¢k,
ie.,

(1.3) k1 = 0k + k(P (pr — M Vai(er)) — ¢x),

where the line search is done with respect to a whereas Ay is fixed. This is suggested
in finite dimension, e.g., in [3, 29] or in more general Hilbert spaces in [11, 12, 21].

We generalize the method (1.3) to functionals which are not differentiable in a
Hilbert space, but in a possibly nonreflexive Banach space, where consequently no gra-
dient and no orthogonal projection exist. As mentioned, in [27] Py (¢ — AVuj(p)) is
extended to Banach spaces using the duality mapping J to define Vj(p) = J~1(5'(v)),
where J is invertible since the considered Banach spaces are reflexive, smooth, and
strictly convex. However, our result allows to perform, e.g., an L? gradient method if
the cost functional is only differentiable in L°°, which is often the case for semilinear
optimal control problems [31]. Note that L° does not fulfill the assumptions on the
space demanded in [27]. Moreover, in contrast to [27] we utilize a variable metric.
This extends the ideas given in finite dimension by [3] regarding the scaled gradient
projection methods and the constrained Newton’s method. The employed inner prod-
uct, which is used to determine the search direction, may change in each iteration.
Hence it is possible to include second order information in the method, which typically
leads to a decrease in the number of iterations. For Newton and quasi-Newton based
search directions even a superlinear rate of convergence is expected as it is known
under certain conditions [3, 12, 21, 24]. However, for these methods only local con-
vergence results are available, while the focus in this paper is on global convergence.
The resulting generalization we call the “variable metric projection type” (VMPT)
method.

The paper is organized as follows: In section 2 we study the VMPT method. In
section 2.1 a precise description of the method is given, where the search direction is
calculated by a quadratic approximation of the cost functional using the idea of the
projected gradient with varying inner products, and Armijo backtracking is applied
to determine the step length aj. In section 2.2 the global convergence result together
with the necessary assumptions, among others on the underlying Banach space, are
stated. In the last subsection we first prove that the search directions are well defined
and that they are descent directions as well as gradient related in the sense of Bert-
sekas [3]. (For a precise definition we refer to Lemma 2.10.) Then the proof of the
convergence result is given.

In section 3 we study the applicability of the method to a structural topology
optimization problem, namely, the mean compliance minimization in linear elasticity
based on a phase field model. The reduced cost functional is differentiable only in
H'N L™,
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In the last section numerical results are given. For the appropriately discretized
mean compliance problem we see as expected that the VMPT method choosing the
H'" metric leads to mesh independent iteration numbers in contrast to choosing the L?
metric. We also present the choice of a variable metric using second order information
and the choice of a BFGS update of the H! metric. This reduces the iteration numbers
to less than a hundredth. Moreover, we give additional numerical examples for the
successful application of the VMPT method. These include a problem of compliant
mechanism, drag minimization of the Stokes flow, and an inverse problem.

2. Variable metric projection type method.

2.1. Generalization of the projected gradient method. The orthogonal
projection Py (¢or — MV aj(¢r)) employed in (1.2) is the unique solution of

1
in —||(or — \eVirj —yl1?
ylél(%)?d2”(%0k kVri(er) =yl

which is equivalent to the problem

(21) min 1y — ol + M Dioey — or),

yED4q 2
in the sense that the minimizer is the same. This is due to the identity (Vg (), y —
v = j(er)y — vr) = Dj(pr,y — vr), where the last denotes the directional
derivative of j at g in direction y — ¢k. In the formulation (2.1) the existence of
the gradient Vg j is not required. Even differentiability with respect to H can be
omitted.

In the following we formulate an extension of the projected gradient method where
Py (pr — MV aj(pr)) is replaced by the solution @ of (2.1).

First we drop the requirement of a gradient as mentioned above. We assume
that the admissible set ®,4 is a subset of an intersection of Banach spaces X N D,
where X and D have certain properties (see (Al)), which are, e.g., fulfilled for X =
HY(Q) or X = L?(Q2) and D = L>(Q). Furthermore assume that j is continuously
Fréchet differentiable on ®,4 with respect to the norm ||.||xAp := ||.||x + ||-|[p. The
Fréchet derivative of j at ¢ is denoted by j'(p) € (XND)*, and we write (.,.) for the
dual pairing in the space X N ID. Moreover, we use C as a positive generic constant
throughout the paper.

Second, we also allow the norm ||.||g in (2.1) to change in every iteration. There-
fore, we consider a sequence {ay} of symmetric positive definite bilinear forms inducing
norms ||.|[q, on XND . As already mentioned, this approach falls into the class of
variable metric methods and includes the choice of Newton and quasi-Newton based
search directions. In finite dimension ay, is given by ay(p,v) := p? Bjv, where By, can
be the Hessian of j at g, if it is positive definite, or an approximation of it.

Hence, in each step of the VMPT method the projection type subproblem

(2.2 min 2l = el e e — )
with some scaling parameter A; > 0 has to be solved. Problem (2.2) is formally
equivalent to the projection Py, (¢ — A\xVa,i(¢x)). However, j is not necessarily
differentiable with respect to ||.||ls,, and X N D endowed with ay(.,.) is only a pre-
Hilbert space. Hence V,, j(¢x) does not need to exist.

For globalization of the method we perform a line search based on the widely
used Armijo back tracking, which results in Algorithm 2.1. In the next section it is
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shown that the algorithm is well defined under certain assumptions and in particular
that a unique solution @y of (2.2) exists, together with the proof of convergence. We
denote the solution of (2.2) also by Py (¢x) due to the connection to a projection.

ALGORITHM 2.1 (VMPT method).

1: Choose 0 < 8<1,0<0<1, and ¢y € Pyq.
2: k:=0
3: while k < k.40 do
Choose A\, and ay.
Calculate the minimizer @), = Pr(pr) of the subproblem (2.2).
Set the search direction vy, 1= ©;, — i
if ||Jvk||x < tol then
return
end if
10:  Determine the step length oy, := 8™ with minimal my € Ng such that
Ik + arvr) < j(er) + o (' (er), vk)-
11: Update pr11 := pr + aivg
122 k:=k+1
13: end while

The stopping criterion ||vg||x < tol is motivated by the fact that ¢y is a stationary
point of j if and only if v, = 0 and that vy — 0in X cf. Corollary 2.5 and Theorem 2.2.
By stationary point we throughout refer to stationarity with respect to ®.4.

As already mentioned, this algorithm is not a curved search along the gradient
path (1.2). However, to include the idea of the gradient path approach, we imbed
the possibility to vary the scaling factor {\;} for the formal gradient in (2.2) in each
iteration. The parameter \; can be put into aj by dividing the cost functional in
(2.2) by Ap. We nevertheless treat it as a separate parameter since this reflects the
case where ay is fixed for all iterations. Note that under the assumptions used in
this paper a curved search along the gradient path is not possible since not even the
existence of a positive step length can be guaranteed; cf. Remark 2.7.

2.2. Global convergence result. We perform the analysis of the method with
respect to two norms in the spaces X and D, which we assume to have the following
properties:

(Al) X is a reflexive real Banach space. D is isometrically isomorphic to B*, where
B is a separable real Banach space. Moreover, for any sequence {¢;} in XND
with ¢; — ¢ weakly in X and ¢; — @ weakly-* in D, it holds that ¢ = ¢.
We identify D and B* and say that a sequence converges weakly-* in D if it converges
weakly-* in B*. The separability of B is used to get weak-* sequential compactness
in D. We would like to mention that the results hold also if D is a reflexive Banach
space, in particular if D is an Hilbert space. In this case weak-* convergence has to
be replaced by weak convergence throughout the paper. However, in the application
we are interested in D = L>(Q). In the case of the Sobolev space X = W*P(Q) and
D = L9(Q), where Q C R? is a bounded domain, ¥ > 0,1 < p < 00, and 1 < ¢ < oo,
the above assumption is fulfilled.

In addition to the above conditions on X and ID let the following assumptions hold
for the problem (1.1):

(A2) .y CXND is convex, closed in X, and nonempty.
(A3) ®g4q is bounded in D.
(A4) j is bounded from below on ®,4.
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(A5) j is continuously differentiable in a neighborhood of ®,4 C XN D.
(A6) For each ¢ € ®,4 and for each sequence {p;} C XND with ¢; — 0 weakly in
X and weakly-* in D it holds that (j'(¢),¢;) — 0 as i — oco.

Assumptions (A2)-(Ab) are standard. Moreover, if there exists C' > 0 such that

Iplle < C|lp|lx holds for all p € X ND, assumption (A3) can be omitted as it is

the case in the classical Hilbert space setting (i.e., if D = X = H for some Hilbert

space H). The weak continuity assumption (A6) is fulfilled in many cases, e.g., if

X = D is a Hilbert space or if D = L> and j'(¢) € L! for all ¢ € ®,4 as it is the

case for semilinear elliptic optimal control problems with box constraints under the

(common) assumptions listed in [31]. Another more general sufficient condition for

(A6) is j'(¢) € X* + B, where B is as in (Al). This is fulfilled, e.g., by the example

studied in section 3.

Moreover, we request for the parameters ay and Ay of the algorithm that the
following hold:
(A7) {ax} is a sequence of symmetric positive definite bilinear forms on X N D.

(A8) Tt exists ¢; > 0 such that c1|[p||% < [|p||Z, for all p € XND and k € No.

(A9) For all k € Ny it exists cp(k) such that [|p[|2 < cap||Znp for all p € XND.

(A10) For all k € Ny, p € ®,4 and for each sequence {y;} C ®,q4, where there exists
some y € XND with y; — y weakly in X and weakly-* in D it holds that
ak(p,yi) = ar(p,y) as i — 0.

(A11) For each subsequence {p,} of the iterates given by Algorithm 2.1 converg-
ing in X N D, the corresponding subsequence {ag,} has the property that
ak, (pi,yi) — 0 for any sequences {p;},{y:} € XND with p; — 0 strongly in
X and weakly-* in D and {y;} converging in XN D.

(A12) Tt holds that 0 < Apin < A < Amax for all k € Ny.

(A1)—(A12) are assumed throughout this paper if not mentioned otherwise.
Assumption (Al1l) reflects the possibility of a point-based choice of ay, e.g., de-
pendent on the second order derivative j”(¢x) or on an approximation thereof.
We would like to mention that (A7)-(A9) are weaker assumptions than the typical
requirements for the method in Hilbert space (i.e., D = X = H), which is the uniform
norm equivalence (see [3, 14, 19, 29])

(2.3) 3C,c>0: dlplE <llpllz, < Cliplliy Vp € H, k € No.
Then also (A10)—(A11) are fulfilled. Also in the case that j € C*(X N D) and a; =
j" (pr) fulfills (A8), the remaining assumptions of (A7)-(A11) hold. Furthermore, if
X is a Hilbert space (and D a Banach space as in (Al)), the choice ay(u,v) = (u,v)x
fulfills all assumptions (A7)—(A11).

An example of ay which only fulfills the weaker assumptions is presented in (3.9)
for our application in structural topology optimization.

The main result of the paper is the following, which is proved in section 2.3.

THEOREM 2.2. Let {@r} C ®uq be the sequence generated by the VMPT method

(Algorithm 2.1) with tol =0 and let the assumptions (A1)—(A12) hold, then:

1. limg o0 j(pr) exists.

2. Every accumulation point of {or} in XND is a stationary point of j.

3. For all subsequences with i, — ¢ in X ND, where ¢ is stationary, the
subsequence {vi, } converges strongly in X to zero.

4. If additionally j € C17V(®uq) with respect to ||.||xnp for some 0 < v < 1,
then the whole sequence {vi} converges to zero in X.
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The requirement of a strong accumulation point to obtain a stationary point is
common; see, e.g., [23, 32] and references therein. In case of convex cost functionals
this can be relaxed to weak accumulation points for the VMPT method [28]. This
theorem reflects the available results where the problem is posed in some Hilbert space
H and the constant metric ag(p,v) = (p,v)n is chosen: global convergence is shown
in [21] for convex j and a line search along the descent direction. In the case of a
curved search along the gradient path convergence is shown in [13, 16]. Result 4 of
Theorem 2.2 is shown in [23] in the case of a curved search along the gradient path
under the same assumption j € C17. Global convergence results for methods with
general variable metric are to our knowledge only available in finite dimensions, which
can be found, e.g., in [3].

2.3. Analysis and proof of the convergence result of the VMPT method.
We first show the existence and uniqueness of p;, = Pi () based on the direct method
in the calculus of variations using the following Lemma and assumptions (A2), (A3),
and (A5)-(A10). Note that the standard proof cannot be applied, since aj, is indeed
X-coercive, but aj and (j'(pg),-) are not X-continuous. Another difficulty is that
XN D is not necessarily reflexive.

LEMMA 2.3. Let {pr} C Puq with px — p weakly in X for some p € ®,q. Then
pr — p weakly-* in D.

Proof. Since ®,4 is bounded in D and the closed unit ball of D is weakly-* se-
quentially compact due to the separability of B, we can extract from any subsequence
of {pr} C ®,q another subsequence {pg, } with px, — p weakly-* in D for some p € D.
Due to the required unique limit in X and D we have p = p. Since for any sub-
sequence we find a subsequence converging to the same p, we have that the whole
sequence converges to p. d

THEOREM 2.4. For any k € Ny and ¢ € ®yq, the problem

1
2.4 in  —lly—ollZ + M (4’ —
(2:4) Join — Slly = ella, + A ()Y — @)
admits a unique solution @ = Pr(p), which is given by the unique solution of the

variational inequality

(2.5) a(@—o,n—@)+ M (' (0),n—@) >0 Ve Py

Proof. Let k € Ny and ¢ € ®,q arbitrary. Problem (2.4) is equivalent to

(2.6) min  gi(y) == sac(y,y) + (b, y)
y€EPqq

where (b, y) := M (J'(¢),y) — ax(p,y) and by, € (XN D)* due to (A5) and (A9). By
(A3) and (A8) we get for any y € ®,q with some generic C > 0

c
(2.7) gk@W) > = ylIE = 10kl eomy- (lyllx + |lyllp) > —C-
——
<c

Thus gj, is X-coercive and bounded from below on ®,4. Hence we can choose an in-
fimizing sequence ¢; € @4, such that g (p;) =, infyca,, gr(y). From the estimate
(2.7) we conclude that {;} is bounded in X. Therefore, we can extract a subsequence
(still denoted by ¢;) which converges weakly in X to some @ € X. Since @4 is convex
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and closed in X, it is also weakly closed in X and thus ¢ € ®,4. By Lemma 2.3 we also
get ¢; — @ weakly-* in . Finally we show gx(®) = infyca,, gr(y). Using (A6), (A8),
and (A10) one can show that liminf; ax(¢s, ;) > ax(@, @) and lim; (bg, p;) = (bk, ),
and thus liminf; gx(p;) > gx(®). We conclude

. o () < T N
yé%fa | k() < gr(p) < liminf gx(p:) yé%fa | gr(y),

which shows the existence of a minimizer of (2.6). Using (A8), the uniqueness follows
from strict convexity of gg.

Due to (A5) and (A9), we have that gy is differentiable in X N D, where its
directional derivative at @ in direction n — @ for arbitrary n € ®,4 is given by

(9r(2),n — @) = ar(® — .0 — @) + X (3’ (), n — @) -
Since the problem (2.4) is convex, it is equivalent to the first order optimality condi-
tion, which is given by the variational inequality (2.5); see [15]. O

We see that ¢ € ®,4 is a stationary point of j, that is, (j'(p),n — ¢) > 0 for all
N € Buq, if and only if $ = ¢ is the solution of (2.5), i.e., the fixed point equation
v = Pr(¢p) is fulfilled. This leads to the classical view of the method as a fixed point
iteration wr4+1 = Pr(px) in the case that Py is independent of k and ay = 1 is chosen.

COROLLARY 2.5. If there exists some k € Ny with Pr(¢) = ¢, then ¢ is a sta-
tionary point of j with respect to ®yq. On the other hand, if p € ®uq is a stationary
point of (1.1), then the fized point equation Pir(p) = ¢ holds for all k € Ny. In
particular, an iterate @y of the algorithm is a stationary point of j if and only if
vk = Pr(er) — ok = 0.

The variational inequality (2.5) tested with n = ¢ € ®,4 together with (A8) and
(A12) yields that P(p) — ¢ is a descent direction for j.

LEMMA 2.6. Let k € Ny, ¢ € ®uq and v := Pr(p) — . Then it holds that

(23) () v) < -3

o]

Note that (2.8) does not hold in the X N D-norm.

Due to (j'(¢),v) < 0 for v # 0 the step length selection by the Armijo rule (see
step 10 in Algorithm 2.1) is well defined, which can be shown as in [3].

Remark 2.7. For the existence of a step length and for the global convergence
proof we exploit that the path o — @i + aug is continuous in X N D. Thus, the
mapping « — j(pg + aug) is also continuous. On the other hand, this does not hold
for the gradient path. Backtracking along the gradient path or projection arc means
that «y is set to 1, whereas A\, = S™* is chosen with mj € Ny minimal such that the
Armijo condition

J@e(n)) < 3(px) + 0 (5" (0r), Br(Ak) — @)

is satisfied; see, for instance, [25]. By the notation @, (Ax) we emphasize that the
solution of the subproblem (2.2) depends on A\;. However, with the above assumptions
it cannot be shown by the standard techniques used in the literature that there exists
such a Ax. The reason is that due to (A8) the gradient path A — %, ()) is continuous
with respect to the X-norm, whereas j is due to (A5) only differentiable with respect
to the X N D-norm. Thus, j along the gradient path, i.e., the mapping A — (@, (X)),
may be discontinuous.
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To prove statement 2 of Theorem 2.2 we use, as in [3] for finite dimensions, that
vk 1s gradient related (see Lemma 2.10). This is weaker than the common angle
condition. Therefore we need the following two lemmata.

LEMMA 2.8. For {pr} C @uq with pr, — ¢ in XND and {pr} C XND with px, — p
weakly in X and weakly-* in D for some p,p € XND it holds that {j'(vr),pr) —
(3'(¢),p)-

Proof. We use (A5) and (A6) and obtain

| (G (or)s o) — (G (@), 0) | < 1 (o) = 3" (0)s i) | + 15" (), 1 — D) |

< 15 (ew) = 3" (@)l rmy~ [IPkllznp + | {5 (), Pk — p) | = 0. 0
—_— —/ —
—0 <C —0

The preceding lemma is also needed in the proof of Theorem 2.2.

LEMMA 2.9. Let for a sequence {@;} C ®uq hold p; — ¢ in XND for some
¢ € XND. Then there exists C > 0 such that || Pk (v;:)|lxnp < C for all i,k € Ny.

Proof. Lemma 2.6 yields together with (A3) and (A5) the estimate

C1

1Pr(es) — @il < — (' (@), Prlpi) — i)

< I3 (@) ll xrmy= (1P (@i) — @illx + 1Pr(0s) — @illp)
< C([|Prwi) — @illx + 1),

/\max

thus ||Pr(ei) — @illx < C, and hence ||Pr(¢i)llx < C. Due to (A3) we finally get

[|Pr (i) |lxnp < C independent of i and k. O

LEMMA 2.10. Let {¢k} be the sequence generated by Algorithm 2.1, and then {vg}
is gradient related, i.e., for any subsequence {pk,} which converges in X N'D to a
nonstationary point ¢ € ®uq of j, the corresponding subsequence of search directions
{vk, } is bounded in XND and limsup; (j'(¢k,;), vk;) < 0 is satisfied. Moreover, it
holds that lim inf; ||vg,|x > 0.

Proof. Let ¢, — ¢ in X ND, where ¢ is nonstationary. Lemma 2.9 provides
that {vg,} is bounded in X N'D. With (2.8), the statement lim sup; (j'(¢x,), vk,) <0
follows from lim inf; ||vg, ||x = C > 0, which we show by contradiction.

Assume liminf; ||vg, ||x = 0; thus there is a subsequence again denoted by {v,}
such that vg, — 0 in X. Using (2.5) for ¢ := Pr(¢r), the positive definiteness of ay,
and (A12), it follows for all n € ®yq

. _ 1 _
(' (pr),n — or) > )\—k(ak(vk,vk) + ap(ve, @r — vk — 1))

1
(2.9) Z—/\ lak (vk, P — vk — 1) -

min

Moreover, ¢, = vk, + ¢k, — ¢ in X and also weakly-* in I according to Lemma 2.3.
From Lemma 2.8 we get (j'(pg,),n — @r,) — (J'(¢),n —¢). From (All) we get
ak, (Pr;, — ks Pk, —n) — 0 and derive from (2.9) that

(7' (p)sn— @) >0 Vn € Pua,

which shows that ¢ is stationary, which is a contradiction. d
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Proof of Theorem 2.2. Because of Corollary 2.5 we can assume v, # 0 and thus
ay > 0 for all k.
1. From the Armijo rule and since vy is a descent direction we get

(2.10) J(prs1) — 3 (pr) < awo (5 (¢r), i) <0,

and thus j(¢g) is monotonically decreasing. Since j is bounded from below
we get convergence j(py) — j* for some j* € R, which proves 1.

2. The proof is similar to [3] in finite dimension by contradiction. Let ¢ be an ac-
cumulation point, with a convergent subsequence ¢y, — ¢ in XND. The conti-
nuity of j on @4 then yields j* = j(p) and (2.10) leads to ax (j'(pr), vi) — 0.
Assuming now that ¢ is nonstationary we have |{j'(px, ), vk, )| > C > 0, since
{vi} is gradient related by Lemma 2.10, and thus ax, — 0. So there ex-
ists some i € N such that ay,/8 < 1 for all i > 4, and thus ay, /S does
not fulfill the Armijo rule due to the minimality of my. Applying the mean
value theorem to the left-hand side of the Armijo condition, we have for some

nonnegative ay, < agi and all ¢ > 7 that

(2.11)

% <.7/ (Spki + dkivki) 7vki> =] ((pk:i + %/UkhL) - j(@kz) > %U <j/((pki)7vki>
holds. Since, by Lemma 2.10, {vg,} is bounded in XN D and &, — 0, we
have that ¢, + aw,vr, — ¢ in XN D. Also ¢r, = @i, + vk, is uniformly
bounded in X N'D, and thus there exists a subsequence, again denoted by
{®k, }, which converges to some y € ®,q weakly in X and weakly-* in D.
Hence we have that v, = @r, — vk, — U:=y — ¢ weakly in X and weakly-*
in D. According to Lemma 2.8 we can take the limit of both sides of the
inequality (2.11), which leads to (j' (¢),0) > o (§' (¢), ), and o < 1 yields
(4 (¢), ) > 0. This contradicts (j' (¢) , ) = limsup, (4’ (¢k, ), vk, ) < 0, which
is a consequence of Lemma 2.10.

3. By proving that out of any subsequence of (j'(pr,), vk, ) we can extract an-
other subsequence, which converges to 0, we can conclude that {5/ (¢x,), vg,) —
0 which yields |lvg,||x — 0 by (2.8). With Lemma 2.9, we get by the same
arguments as in 2 that vy, — y — ¢ weakly in X and weakly-* in D for a
subsequence and for some y € ®,4, and thus (j'(vk,), vk} — (G (@), y — @)
due to Lemma 2.8. Since vy, are descent directions for j at ¢, and ¢ is
stationary we have (j'(¢),y — ¢) = 0.

4. As in 3 we prove by a subsequence argument that (j'(¢r),vr) — 0. For
an arbitrary subsequence, which we also denote by index k, (2.10) yields
ag (7' (ox),vp) — 0. If . > ¢ > 0 for all k, the assertion follows immediately.
Otherwise there exists a subsequence (again denoted by index k) such that
B8 > ar — 0 and thus the step length /8 does not fulfill the Armijo
condition. Since j' is Holder continuous with exponent v and modulus L we
obtain

1
a% (7' (pr), o) < j <<Pk + %w) — j (k) =/O %j <gak +t%vk> dt

T4y
(07 N L (6% 3 14+~
< — (I Pk ), v +—(—) Vg .
B((@) ) T\ 3 llvkllxnp
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It holds that ||vg|lp < C due to (A3), and employing (2.8) we obtain

0< (=D o) < O (%) (Juell +1)

_ 1ty
< o (10 00) |5 +1)).

We get x = | (j'(¢r), vk) | = 0. Otherwise there exists a subsequence still
denoted by {z;} with 2 — € > 0. Rearranging the last inequality gives

—14y
1< Caj(x, > +a;') — 0, which is a contradiction. O

Remark 2.11. Statements 1 and 2 of Theorem 2.2 require only that p, € ®uq
is chosen such that the search directions vy = P, — ¢ are gradient related descent
directions, as can be seen in the proof above. Hence, %, does not have to coincide
with Py (¢r) in Algorithm 2.1. In this case assumption (A3) is also not required.

3. An application in structural topology optimization based on a phase
field model. In this section we give an example of an optimization problem described
in [5], which is not differentiable in a Hilbert space, so the classical projected gradient
method cannot be applied, but the assumptions for the VMPT method are fulfilled.
We consider the problem of distributing /N materials, each with different elastic prop-
erties and fixed volume fraction, within a design domain Q C R, d € N, such that the
mean compliance qu g - u is minimal under the external force g acting on I'y C 092.
The displacement field u :  — R? is given as the solution of the equations of linear
elasticity (3.2). To obtain a well posed problem a perimeter penalization is typically
used. Using phase fields in topology optimization was introduced in [8]. Here, the N
materials are described by a vector valued phase field ¢ : Q — RY with ¢ > 0 and
> %i =1, which is able to handle topological changes implicitly. The ith material is
characterized by {¢, = 1} and the different materials are separated by a thin inter-
face, whose thickness is controlled by the phase field parameter € > 0. In the phase
field setting the perimeter is approximated by the Ginzburg-Landau energy

Be)i= [ {51902+ Zun(e) |

In [6] it is shown that the given problem for N = 2 converges as ¢ — 0 in the sense
of I'-convergence. For further details about the model we refer the reader to [5]. The
resulting optimal control problem reads

(3.1) min J (¢, u) ::/ g-u+vE(p),

Ty

("ZAS Hl(Q)Nﬂ u € Hb = {Hl(Q)d | E'FD = 0}

(3.2) subject to /QC(cp)S(u) 1 E(€) = /F g-¢& VeEeHp

. N
(3.3) ][so:m, >0, Y ¢'=1,
Q =1

where v > 0 is a weighting factor, f, ¢ = Wll Jo®, o : RN — R is the smooth
part of the potential forcing the values of ¢ to the standard basis e; € RY, and
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A:B:= Zijzl A;;B;; for A, B € R™4. The materials are fixed on the Dirichlet
domain I'p € 99Q. The tensor valued mapping C : RY — R*? g (R¥X4)* is a
suitable interpolation of the stiffness tensors C(e;) of the different materials, and
E(u) := 1 (Vu+ VuT) is the linearized strain tensor. The prescribed volume fraction
of the ith material is given by m;. For examples of the functions ¢y and C we refer to
[4, 5]. The existence of a minimizer of the problem (3.1)-(3.3) as well as the unique
solvability of the state equation (3.2) is shown in [5] under the following assumptions,
which we claim also in this paper.
(AP) Q C R? is a bounded Lipschitz domain; I'p,T', € 99 with I'p NT, = () and
HI1(T'p) > 0. Moreover, g € L*(I'y)¢ and 1y € CHL(RY) as well as m > 0,
SV m; = 1. For the stiffness tensor we assume C = (Cijkl)ﬁj7k7l:1 with
Cijm € CHHRY) and Cijki = Cjiry = Crisj and that there exist ag, a1,C > 0,
st. aglA)? < C(p)A : A < a1|AJ? as well as |C'(¢)| < C holds for all
symmetric matrices A € R?*? and for all ¢ € RV,
The state u can be eliminated using the control-to-state operator S, resulting in
the reduced cost functional j(p) := J(p,S(g)). In [5] it is also shown that j :
HY Q)N N L>(Q)N — R is everywhere Fréchet differentiable with derivative

(3.4) 7(p)v=r /Q{£V<p Vv + 1/10 } /C’ Y€ (u) : E(u)

for all p,v € HY(Q)N N L>(Q)V, where u = S(p) and S : L=(Q)V — HY(Q)? is
Fréchet differentiable. By the techniques in [5] one can also show that S’ is continuous.

In [5, 7] the problem is solved numerically by a pseudo time stepping method with
fixed time step, which results from an L2-gradient flow approach. An H~! gradient
flow approach is also considered in [7]. The drawbacks of these methods are that no
convergence results to a stationary point exist, and hence also no appropriate stopping
criteria are known. In addition, typically the methods are very slow, i.e., many time
steps are needed until the changes in the solution ¢ or in j are small. Here we apply
the VMPT method, which does not have these drawbacks and which can additionally
incorporate second order information.

Since HY(Q)N N L>°(Q)" is not a Hilbert space, the classical projected gradient
method cannot be applied. In the following we show that problem (3.1)—(3.3) fulfills
the assumptions on the VMPT method. Among others we use the inner product
ar(f,9) = JoVF : Vg. To guarantee positive definiteness of this ay we first have
to translate the problem by a constant to gain fQ ¢ = 0, which allows us to apply
a Poincaré inequality. Therefore we perform a change of coordinates in the form
@ = ¢ —m and get the following problem for the transformed coordinates:

(385)  minj(p) = / g Slp+m) +7E(p +m),

N
P E€Pug = pe H(QY ]l<P:0, p>-m, Y ¢'=0
Q y —

On the transformed problem (3.5) we apply the VMPT method in the spaces

X:={ e QN ][<p=0 . D= L)V
Q
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The space of mean value free functions X becomes a Hilbert space with the inner
product (f,g)x := (Vf,Vg)rz, and ||.||x is equivalent to the H!-norm [1].
THEOREM 3.1. The reduced cost functional j : XND — R is continuously Fréchet
differentiable, and j’ is Lipschitz continuous on ®.4.
Proof. The Fréchet differentiability of j on XND is shown in [5]. Let 1, ¢, € XND
and u; = S(gp;), i = 1,2. Then with (3.4), 9 € CLYL(RY), Cijr € CHHRY), and
|C' ()| < C for all p € RY we get

. . Y
15 (p1) = 7" ()l < veller = @alla Inll i + CZlley = eollzlnllce

+ /«ﬂm+¢n—cwn+%»mwmn:am>

Q
A C'(m + @5)(M)E (w1 — uz) : £(ur)

-%/UW+%WMWﬁfM—w)
Q

< Clley — palla Il
+[(C'(m+ ;) = C'(m+ @) e |[ua |72
+ Clnllzee[lwr — wal mr (lur [ + w2 m)
< Clnllmnc={ller — @2l + 1 — @allLes w7
(3.6) + llur — vl g ([|wn ][ gy + (w2l g}

To show the continuity of j/, let ¢,,p € XND for n € N with ¢,, — ¢ in XN D.
Using (3.6) yields

15 (o) = 5 (P arrnroe)-
< Cllen — ellanre 1+ ualfn) + lun = wllm (lualm + ullm)),
where u,, = S(¢,,) and u = S(¢). From the continuity of S we get that ||w,| g1 is
bounded and that [|u, — u|/g: — 0 as n — oo. This implies
17" (@n) = 3" (@)l arrpee)- = 0

and thus j € CH(XND).

For the Lipschitz continuity of j/ we employ estimate (3.6) with ¢, € ®,4,7=1,2.
Since ®,4 is bounded in L>°, we get that S is Lipschitz continuous on ®,4 and that
[IS(@)llg: < C, independent of ¢ € ®qq; see [5]. This yields

13" (¢1) _j/(‘Pz)”(HlmLOO)* < Cller — psllainr=,
which proves the Lipschitz continuity of 7/ in ®,q4. a

COROLLARY 3.2. The spaces X and D together with j and ®.q given in (3.5) fulfill
the assumptions (A1)—(A6) of the VMPT method.

Proof. Given the choices for X and D (A1) is fulfilled. For ¢ € ®,4 we have
—1<m<p<1—-m<1 Vpedy

almost everywhere in Q. Thus (A3) holds and ®,4 C XND. Moreover, 0 € ®yq, Pyq
is convex, and since ®,4 is closed in L2(Q)¥, it is also closed in X «— L2(2)N. Thus
(A2) holds.
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Assumption (A4) is shown in [5], and Theorem 3.1 provides (A5).
Given

(@), 1) = /Q {16V Ve, + (2V00(p +m) ~ VC(o + mEw) : £w)) - ;)

the first term converges to 0 if ¢, — 0 weakly in H'. With (AP) and u € H}, we
have that 2Vi(p +m) — VC(p + m)E(u) : E(u) € L'(Q)Y. Hence the remaining
term converges to 0 if ¢; — 0 weakly-* in L>°, which proves that (A6) is fulfilled. O

Possible choices of the inner product ax for the VMPT method are the inner
product on X, i.e.,

(3.7) ak(p,y)=(p,y)x=/QVp:Vy

and the scaled version ax(p, y) = ve(p, y)x. Both fulfill the assumptions (A7)-(All).
We also give an example of a pointwise choice of an inner product, which includes
second order information. Since this choice is not continuous in X, it is not obvious
that it fulfills the assumptions. To motivate the choice of this inner product we look
at the second order derivative of j, which is formally given by

7"(@nlp.l = [ {7Vp: Yy~ 2C -+ @)WE(S (p1)p) - E(ur)
+ 2V2o(m+ 9 )p -y — O (m+ @) [P ylE (ws) : E(wn)

In [5] it is shown that z, := S'(¢,)p € H}, is the unique weak solution of the linearized
state equation

38) [ Clmt o)) 8 = [ Cllm+ppelu): Em) Ve

and that ||zp||g: < Ckllpl|z= holds. Since the first two terms in j” define an inner
product (see proof of Theorem 3.3), we use

(3.9) ax(p.y) = 1e(p.y)x — 2 /Q C'(m + 9,) (W)E(2y) : E(ur)

as an approximation of j”(¢,). Testing (3.8) for z, = S'(p,)y with z, we can
equivalently write

(3.10) ar(p,y) = ve(p, y)x + 2 /Q C(m + ¢p)E(zp) : E(2y).

We would like to mention that the C2-regularity of j is not necessary for this definition
of ag.

THEOREM 3.3. The bilinear form ay, given in (3.9) fulfills the assumptions (A7)
(A11).

Proof. Due to (AP) and (3.10) we have

ax(p,p) > ve|pl|3-
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Thus, (A7) and (A8) is fulfilled. Furthermore, (A9) holds due to

ar(p,y) < vellpllallyllar + Cllzplla 12yl a1
<velpllalylla + Clipllz=lyllz=~ < Cllplxnpllyllxnp-

(A10) is proved as in Corollary 3.2.

Finally we prove (All). For y,, — 0 and p, — p in X we have (y.,pi)x — 0
for k — co. With ¢, — ¢, p, = pin D = L®(Q)Y, and S : L*(Q)Y — HY Q)N
continuously Fréchet differentiable, we have ur = S(¢,) — S(¢) =: u in H}, and
zp, = S'(¢1)Pr — S'(¢)p =: z, in HY. In particular, the sequences are bounded in
the corresponding norms, including ||y, | L~ < Cif y;, — y weakly-* in L>°. Using the
Lipschitz continuity and boundedness of C’' and VC(m + ¢)&(z,) : E(u) € LY Q)N
we have

‘ /ch(m + @)Y (2p,)  E(ug)

< \ [ mt 0~ Cmt ouéz) : Elan)
Q

_|_

| G+ oz, — 2 - Eu)

. ‘ [t o) s - u)‘ n \ | Cm+ oz e

< Lliey = ellrellygllooellzp [ m[lws |
+1C (m+ @) lypll =l zp, — zplla [l
+ 1€ (m+ @)l lyell [ 2pll llux — ull

" ‘ [(VCm+ @)z @) - we| 0.
Q

which gives (A11). 0

Hence with 0 < Apin < Ax < Amax, all assumptions of Theorem 2.2 are fulfilled
and we get global convergence in the space H' ()N N L>(Q)N.

4. Numerical results. We discretize the structural topology optimization prob-
lem (3.1)—(3.3) using standard piecewise linear finite elements for the control ¢ and
the state variable u. The projection type subproblem (2.2) is solved by a primal dual
active set (PDAS) method similar to the method described in [2, 22]. Many numerical
examples for this problem can be found in [4, 6], e.g., for cantilever beams with up to
three materials in two or three space dimensions and for an optimal material distri-
bution within an airfoil. In [4] the choice of the potential ¢ as an obstacle potential
and the choice of the tensor interpolation C is discussed. Also the inner products
(.,.)x and ~e(.,.)x for fixed scaling parameter A, = 1 are compared, where both give
rise to a mesh independent method and the latter leads to a large speed up. Note
that the choice of (.,.)x with Ay = (y2)~! leads to the same iterates as choosing
~ve(.,.)x and Ap = 1. Furthermore, it is discussed in [4] that the choice of ve(.,.)x
can be motivated using j”(¢) or by the fact that for the minimizers {¢,}:>0 the
Ginzburg-Landau energy converges to the perimeter as e — 0 and hence ve|p.||% ~
const independent of ¢ <« 1. However, since this holds only for the iterates ¢, when
the phases are separated and the interfaces are present with thickness proportional
to e, we suggest adopting A\ in accordance to this. As an updating strategy for A\
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TABLE 1
Comparison of iteration numbers for (.,.)p2 and (.,.)x.

L nf2t]2P°] 26] 27[ 28]
()2 || 323 | 5015 | 18200 | 57630 | 172621
(., )x 111 | 407 | 320 275 269

the following method is applied: Start with Ao = 0.005(ve)~!, and then if a1 = 1,
set A\p = Ak—1/0.75, else Ae = 0.75)\,_1 and )\, = max{lO’lO,min{lolo,;\k}}. The
last adjustment yields that (A12) is fulfilled. This strategy is used for the following
numerical results. Numerical experiments in [4] show that this in fact produces for
the choice (.,.)x a scaling with A\, =~ (ye¢)~! for large k.

In [4, 6] the effect of obtaining various local minima of the nonconvex optimization
problem (3.1)—(3.3) by choosing different initial guesses ¢, can be seen. However, the
other parameters also have an influence.

In this paper we concentrate on comparing different choices of the inner products
ax and use for this the cantilever beam described in [4] with ¢(¢) = 2(1—¢-¢) and a
quadratic interpolation of the stiffness tensors C(¢). The computation are performed
on a personal computer with 3GHz and 4GB RAM. First we discuss the choice of
(.,.)r2 versus (.,.)x. The choice of the L2-inner product leads to the commonly used
projected L2-gradient method. However, (.,.)z 2 does not fulfill the assumptions of
the VMPT method, since j is not differentiable in L2(Q)" or L2(Q)N N L>=(Q)V.
Thus, global convergence is given for the discretized, finite dimensional problem but
not in the continuous setting. This leads in contrast to the choice of (.,.)x to mesh
dependent iteration numbers for the L2-gradient method, which can be seen in Table 1.
The values in Table 1 were computed for different uniform mesh sizes h with the
parameters € = 0.04, v = 0.5, ¢, = m = (0.5,0.5)T, and tol = 10~? for the stopping
criterion /¥€||Vey|/z2 < tol. The behavior of iteration numbers is in accordance
to our analytical results in function spaces considering h — 0. Furthermore, the
resulting values for Ay not listed here show that we obtain for (.,.)x and large k
scalings Ay ~ (&)~ ! independent of the mesh parameter h, whereas the L2-inner
product produces )\ scaled with h2. Since the algorithm using the L2-inner product
is equivalent to the explicit time discretization of the L?-gradient flow, i.e., of the
Allen—Cahn variational inequality coupled with elasticity, with time step size At = Ay,
the scaling A\, = O(h?) reflects the known stability condition At = O(h?) for explicit
time discretizations of parabolic equations.

Next we compare (.,.)x with aj given in (3.9), which incorporates second order
information. As an experiment we again use the cantilever beam in [4], now with
v = 0.002, tol = 10~ and random initial guess ¢, together with an adaptive mesh,
which is fine on the interface. We use a nested approach in € and h, where on the
finest level € = 0.001, hpax = 275, and Amin = 27! holds. The computational costs
of one iteration with aj given in (3.9) is significantly higher, since the calculation
of Pr(¢p},) requires the solution of a quadratic optimization problem with ¢ € ®yq
and in addition with the linearized state equation (3.8) as constraints. However, in
each PDAS iteration solving the subproblem for fixed k, only the right-hand side of
(3.8) changes, namely, only p. We factorize the matrix in the discrete equation once
such that for each p only a cheap forward and backward substitution has to be done.
In Table 2 the corresponding iteration numbers, the total CPU time, the values of
the combined cost functional j(¢*) as well as of its parts, i.e., the mean compliance,
and the Ginzburg-Landau energy are listed. One observes the drastic reduction in
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TABLE 2
Comparison of two different inner products.

| inner product || iterations | CPU time | J(e*) | qu g-u* | E(¢*) |
(5 )x 11189 | 42h 12min 15.07 15.03 20.79
ax in (3.9) 851 19h | 14.99 14.93 | 30.12

(@) ()x- (b) ag given in (3.9).

Fic. 1. Local minima for the cantilever beam.

TABLE 3
Mesh independent iteration numbers for the H'-BFGS method.

| hll2b [29]2 7 2527 ]
| H'-BFGS iterations || 85 | 88 [ 8] 85| 85 |

iteration numbers using second order information. Due to the mentioned higher costs
of calculating the search directions the total CPU time is only halved. Nevertheless,
this can be possibly improved using a more sophisticated solver for Py(¢p;). It can
be also observed that the cost j(¢*) and the probably more interesting value of the
mean compliance is lower. Hence, the different inner products result in different local
minima, which are shown in Figure 1. The inner product given in (3.9) yields a finer
structure. Also in other experiments we observed a local minima with lower cost value
for this choice of ay.

We also successfully applied an L-BFGS update in function spaces (see, e.g., [21]
for the unconstrained case in Hilbert space) of the metric ag, i.e., starting with
ap(u,v) = ye(u,v)x we use the update

ak (pk, u)ak (T’kv "’) <yka u> ) <yk7 "’>
ak(pk; pr) (Yks pR)

apt1(u,v) = ap(u,v) —

in the case that (yx,py) > 0, where p; := @1 — ¢ and yp = j'(@r11) — J' (1),
which performs very well especially for small v. Note that—as in the finite dimen-
sional case—assumption (A8) cannot be shown for this sequence of inner products,
but numerical experiments show that the discretized method is mesh independent, see
Table 3, where the maximal recursion depth is set to 10 and the same cantilever beam
example is used as for Table 1. A detailed comparison of the VMPT method with the
often used gradient flow based solver (the Allen—Cahn or Cahn-Hilliard approach),
which is also called the pseudo time stepping method (see, e.g., [10] for smooth po-
tentials i.e., without box constraints on ¢), can be found in [28]. We refer also to [33],
where a pseudo time stepping scheme of Cahn—Hilliard type is applied. Their scheme
needs up to 370,000 iterations to converge. Numerical studies on the local convergent
methods, namely, the SQP-method and the semismooth Newton-approach, can be
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(a) Crunching mechanism. (b) Obstacle minimizing drag. (c) Identified coefficient.

Fia. 2. Successful applications of the VMPT method.

found in [28]. In all these cases the VMPT method is at least competitive regarding
numerical efficency, and in addition global convergence is shown.

Finally we present other successful applications of the VMPT method.
The compliant mechanism problem

min 5 [ (1= o) ual 9 E()
2 Qobs
where the elasticity equation (3.2) and the constraints (3.3) have to hold, is more
difficult. In our numerical analysis the solution process is more sensitive to the choice
of aj,. Here the above H!-BFGS approach enables us to solve the problem in an
acceptable time. Until ye||Voug|/z2 < tol = 10~* the calculation of the material
distribution in Figure 2(a) took 22 hours. It aims to crunch a nut in the middle of
the left boundary when the force acts on the right-hand side from above and below
and the mechanism is supplied on the left boundary; see [30].

Moreover, we also successfully applied the VMPT method on the following drag
minimization problem of the Stokes flow using a phase field approach, which is ana-
lyzed in [17):

. 1 1
min [ 3 VaP+ Sac(e)iuf + 9B (),
Q
/ ae(p)uv + / Vu-Vv=0 Vve H&)dw(Q)
Q Q

ulpq = (1,0)7, ][@20.75, <p<l.

We applied a nested approach in h and ¢ as well as an adaptive grid. As inner products
we used the above H!-BFGS method and obtained the result in Figure 2(b) with 188
iterations to obtain tol = 1073, which took 17 minutes.

A different type of optimization problem is the inverse problem for a discontinuous
diffusion coefficient, where the discontinuous coefficient a is smoothed by a phase field
approach and no mass conservation is used [9]:

1
min —/|u—u0bs|2—|—'yE(<p)
2 Jo

s.t. /a(go)Vu-Véz/gﬁ Vé e H' and /u:/uobs, —1<ep<1.
Q r Q Q

We choose ugps as solution of the state equation for ¢ shown in the upper part of
Figure 2(c) with added noise of 5% and obtain the solution shown in the lower part
of Figure 2(c).



1498 LUISE BLANK AND CHRISTOPH RUPPRECHT

The last three application examples are preliminary results and are under fur-

ther studies. To our knowledge the VMPT method outperforms the existing applied
optimization algorithms in these cases (see, e.g., [9, 18]).

REFERENCES

H. W. Avrr, Lineare Funktionalanalysis: Fine anwendungsorientierte Einfihrung, Springer,
New York, 2012.

M. BErRGOUNIOUX, K. ITO, AND K. KUNISCH, Primal-dual strategy for constrained optimal
control problems, SIAM J. Control Optim., 37 (1999), pp. 1176-1194.

D. P. BERTSEKAS, Nonlinear Programming, Athena Scientific, Belmont, MA, 1999.

L. BLANK, H. M. FARSHBAF-SHAKER, H. GARCKE, C. RUPPRECHT, AND V. STYLES, Multi-
material phase field approach to structural topology optimization, in Trends in PDE Con-
strained Optimization, G. Leugering, P. Benner, S. Engell, A. Griewank, H. Harbrecht, M.
Hinze, R. Rannacher, and S. Ulbrich, eds., Internat. Ser. Numer. Math. 165, Springer, New
York, 2014, pp. 231-246.

L. BLANK, H. GARCKE, H. M. FARSHBAF-SHAKER, AND V. STYLES, Relating phase field and
sharp interface approaches to structural topology optimization, ESAIM Control Optim.
Calc. Var., 20 (2014), pp. 1025-1058.

L. Brank, H. GARCKE, C. HEcHT, AND C. RUPPRECHT, Sharp interface limit for a phase field
model in structural optimization, SIAM J. Control Optim., 54 (2016), pp. 1558-1584.

L. BLank, H. GARCKE, L. SARBU, T. SRISUPATTARAWANIT, V. STYLES, AND A. VOIGT, Phase-
field approaches to structural topology optimization, in Constrained Optimization and Op-
timal Control for Partial Differential Equations, G. Leugering, S. Engell, A. Griewank,
M. Hinze, R. Rannacher, V. Schulz, M. Ulbrich, and S. Ulbrich, eds., Internat. Ser. Numer.
Math. 160, Springer, New York, 2012, pp. 245-256.

B. BOURDIN AND A. CHAMBOLLE, Design-dependent loads in topology optimization, ESAIM
Control Optim. Calc. Var., 9 (2003), pp. 19-48.

K. DECKELNICK, CH. M. ELLIOTT, AND V. STYLES, Double obstacle phase field approach to
an inverse problem for a discontinuous diffusion coefficient, Inverse Problems, 32 (2016),
045008.

L. DEDE, M. J. BORDEN, AND T. J. R. HUGHES, Isogeometric analysis for topology optimization
with a phase field model, Arch. Comput. Methods Eng., 19 (2012), pp. 427-465.

V. F. DEMYANOV AND A. M. RUBINOV, Approximate Methods in Optimization Problems, 2nd
ed., Elsevier, New York, 1970.

J. C. DUNN, Newton’s method and the Goldstein step-length rule for constrained minimization
problems, SIAM J. Control Optim., 18 (1980), pp. 659-674.

J. C. DUNN, Global and asymptotic convergence rate estimates for a class of projected gradient
processes, SIAM J. Control Optim., 19 (1981), pp. 368—-400.

J. C. DUNN, On the convergence of projected gradient processes to singular critical points, J.
Optim. Theory Appl., 55 (1987), pp. 203-216.

1. EKELAND AND R. TiMAM, Convezr Analysis and Variational Problems, STAM, Philadelphia,
1999.

E. M. GAFNI AND D. P. BERTSEKAS, Convergence of a Gradient Projection Method, LIDS-P-
1201, MIT, Cambridge, MA, 1982.

H. GARCKE AND C. HECHT, A phase field approach for shape and topology optimization in
Stokes flow, in New Trends in Shape Optimization, A. Pratelli and G. Leugering, eds.,
Springer, New York, 2015, pp. 103—-115.

H. GArckg, M. HiNze, CHR. KAHLE, AND K. F. LAM, Shape Optimization in Navier—
Stokes Flow with Integral State Constraints Using a Phase Field Approach, eprint,
arXiv:1702.03855, 2017.

M. GAWANDE AND J. C. DUNN, Variable metric gradient projection processes in convez feasible
sets defined by nonlinear inequalities, Appl. Math. Optim., 17 (1988), pp. 103-119.

A. A. GOLDSTEIN, Convex programming in Hilbert space, Bull. Amer. Math. Soc., 70 (1964),
pp- 709-710.

W. A. GRUVER AND E. SAcHS, Algorithmic Methods in Optimal Control, Res. Notes Math.,
Pitman, Boston, 1981.

M. HINTERMULLER, K. ITO, AND K. KUNISCH, The primal-dual active set strateqy as a semis-
mooth Newton method, SIAM J. Optim., 13 (2002), pp. 865-888.

M. HiNzE, R. PINNAU, M. ULBRICH, AND S. ULBRICH, Optimization with PDE Constraints,
Math. Model., Springer, New York, 2008.



EXTENSION OF THE PROJECTED GRADIENT METHOD 1499

. T. KELLEY, [terative methods for optimization, Front. Appl. Math., SIAM, Philadelphia,
1999.

. T. KELLEY AND E. W. SAcHS, Mesh independence of the gradient projection method for
optimal control problems, SIAM J. Control Optim., 30 (1992), pp. 477-493.

. S. LEviTIN AND B. T. PoLYAK, Constrained minimization methods, Comput. Math. Math.

Phys., 6 (1966), pp. 1-50.

J. Control Optim., 23 (1985), pp. 973-977.

. RUPPRECHT, Projection Type Methods in Banach Space with Application in Topology Opti-

mization, Ph.D. thesis, University of Regensburg, Germany, 2016.

. RUSTEM, A class of superlinearly convergent projection algorithms with relaxzed stepsizes,

Appl. Math. Optim., 12 (1984), pp. 29-43.
. SIGMUND, On the design of compliant mechanisms using topology optimization, Mech.
Struct. Mach., 25 (1997), pp. 493-524.

C
C
E
R. R. PHELPS, Metric projections and the gradient projection method in Banach spaces, STAM
C
B
O

. TROLTZSCH, Optimal control of partial differential equations: Theory, methods, and appli-

cations, Grad. Stud. Math., AMS, Providence, RI, 2010.

. UrLBricH, S. ULBRICH, AND M. HEINKENSCHLOSS, Global convergence of trust-region
interior-point algorithms for infinite-dimensional nonconvexr minimization subject to point-
wise bounds, STAM J. Control Optim., 37 (1999), pp. 731-764.

. Y. WANG AND S. ZHOU, Multinaterial structural topology optimization with a general-
ized Cahn—Hilliard model of multiphase transition, Struct. Multidiscip. Optim., 33 (2007),
pp. 89-111.



	Introduction
	Variable metric projection type method
	Generalization of the projected gradient method
	Global convergence result
	Analysis and proof of the convergence result of the VMPT method

	An application in structural topology optimization based on a phase field model
	Numerical results
	References


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


